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Abstract

P is even
Let G = (V,E) b h with p vertices and q edges. Define p =4 ,2; "
e (V,E) be a graph with p vertices and q edges. Define p { 21 p is odd,

a mapping A : V — M by assigning different labels in M to the different elements of V when p is even and different labels in M
to p — 1 elements of V and repeating a label for the remaining one vertex when p is odd. The labeling as defined above is said

and M ={+1,+2,--- £ p}. Consider

to be a pair mean cordial labeling if for each edge uv of G, there is a labeling M if A(u) +A(v) is even and Wif
A(u) +A(v) is odd such that Sy, —gy\il < 1 where 5, and S)\f respectively denote the number of edges labeled with 1 and the
number of edges not labeled with 1. A graph G for which there is a pair mean cordial labeling is called a pair mean cordial
graph (PMC-graph). In this paper, we investigate the pair mean cordial labeling behavior of some graphs like total graph of
path, cycle, star, crown and comb and Also we examine the pair mean cordial labeling behavior of triangular winged prism
graph, rectangular winged prism graph, W— graph and irregular pentagonal snake.
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1. Introduction

All graphs in this study are the finite, simple and undirected. The majority of citations in the literature
credit Rosa’s work [17] from 1967 as the starting point for graph labeling and of graph labelling related
graphs as in [1, 2, 3, 5, 8, 9, 16, 18, 19, 20]. We follow the basic notation and terminology of graph theory
as in Harary [7]. Cahit defines cordial labeling, a variation of both graceful and harmonious labeling in [4],
and For extensive survey on graph labeling we refer to Gallian [6]. A study on pair mean cordial labeling
of some special graphs is referred to [10, 11, 12, 13, 14, 15]. In this present paper, we investigate the pair
mean cordial labeling behavior of some graphs like total graph of path, cycle, star, crown and comb and also
we examine the pair mean cordial labeling behavior of triangular winged prism graph, rectangular winged
prism graph, W— graph and irregular pentagonal snake.
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2. Preliminaries

Definition 2.1. [10] The comb graph P, ® K; is a graph by connecting each vertex in the path P, with a
pendant edge. There are 2n vertices and 2n — 1 edges in the comb graph.

1] u2 13 14
V1 Vo V3 \Z

Figure 1: The comb graph P4, ® Kj.

Definition 2.2. [12] A graph obtained by adding a single pendent edge to each vertex of a cycle Cy, is called
a crown graph and it is denoted by C;, ® Kj.

V] V2

V3

V4

Figure 2: The crown graph Cs ® Kj.

Definition 2.3. [6] The total graph of a graph G, denoted by T(G) is define as, the vertex set of T(G) is
V(G)UE(G). Two vertices x,y in the vertex set of T(G) are adjacent in T(G) in case one of the following
condition holds: (i) x,y are in V(G) and x is adjacent to y in G. (ii) x,y are in E(G) and x,y is adjacent
in G. (iii) x is in V(G), y is in E(G) and x,y are incident in G.

Definition 2.4. [10] A star graph Sy, is a complete bipartite graph K; , with one internal node and n — leaves.
A star having three edges is called as claw.

Definition 2.5. [10] The bistar graph By is a graph derived by joining the centre node by an edge of
two-star graph Ki n and Ky .

Definition 2.6. [9] The corona graph G; ® G2 is the graph obtained by taking one copy of G; and n copies
of Gy and joining it" vertex of G; with an edge to every vertex in the ith copy of G, where G; is graph of
order n.



Ponraj et. al., Commun. Combin., Cryptogr. & Computer Sci., 02 (2024), 181-192 183

Cyele Cy Complete graph K2 Ci © Ky

Figure 3: C4 ® Ka.

Definition 2.7. [16] Let P,, be a path with consecutive vertices ujus...un. An irregular pentagonal
snake graph IP,, is obtained from the path P,, and new vertices xi,yi,vi, 1 < 1 < n—2 and edges
XiVi, YiVi, UiXi, Yilli42, L S1sn—2.

uj 1y u3 14 us

Figure 4: The irregular pentagonal snake graph Py,

Definition 2.8. [6] A W—graph WB,, is a graph obtained from the bistar By, , by subdividing the central
edge.

ul Uz w3 oy Vi V2 V3

ug Vo

Figure 5: The W—graph WBy .

Definition 2.9. [20] The triangular winged prism graph, denoted by TWPR,, is a graph with vertex set
V(TWPRy) = {ui,vi,w; | 1 <1< n}tandedgeset E(TWPR,) = {uivi, viwy | 1 <1 < nfu{ujuisg, Unly, Vivigrt, vavi
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1<ig<n—-1}

W

Figure 6: The triangular winged prism graph TWPRg

Definition 2.10. [20] The rectangular winged prism graph, denoted by RWPR,, is a graph with vertex
set V(RWPR,) = {uq,vi,xi,yi | 1 < 1 < n} and edge set E(RWPRy) = {uvi,vixi,xiyi | 1 <1 <
nPU{WiUi1, Un Wy, Vivig 1, Vi, Yivie s, Ynva [ T < <n— 11

Figure 7: The rectangular winged prism graph RWPR5.

3. Main Results

Theorem 3.1. The total graph of the path Py, T(Py) is a PMC-graph only for all values of n except for
n=3.

Proof. Let V(T(Pn)) = {ui,v]- [1<i<n, 1 <j<n—1}and E(T(Pn)) ={wiuis, wivi,uipvi | 1 <1<
n—1}U{viviyr | 1 <1 < n—2} respectively be the vertex set and edge set of the total graph of the path
Pn, T(Pn). Hence, T(Py,) has 4n —5 edges and 2n — 1 vertices. We consider three cases.

Case (1) : Forn=1,2

Note that T(Py) ~ Py, the path P; is PMC-graph[10]. Then, T(P3) ~ Cs, the cycle C3 is PMC-graph][10].
Case (i1) : Forn =3
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Suppose, T(P3) is a PMC-graph. If the edge uv get the label 1, the only possibilities are A(u) +A(v) =1
or A(u) +A(v) = 2. Hence, the maximum number of edges labeled with 1 is 2. That’s S5, < 2. More over,
g)\g > 5. Therefore, Sy\g _SM >5—2=3>1, a contradiction.

Case (iil) : Forn >4

Define A(un) = 1 and Alvn—1) = —m+ 1. Assign the labels 2,3,...,n— 1 according to the vertices
Ui, Ug,...,Un_o and fix the label —m 4+ 2 with u,_1. Now, give the labels —1,—2,...,—m + 3 accord-
ing to the vertices vi,vs,...,vn_3 and fix the label n —1 with v, 5. Eventually, 55, = 2n —3 and
gAi =2n—2. O

Example 3.2. Figure 8 illustrates the graph T(P4) is a PMC-graph.

v J. \?’2 xra

11 lfg 13 114

Figure 8: PMC-labeling of the total graph T(Py4).

Theorem 3.3. The total graph of the cycle Cy,, T(Cy) is not PMC-graph for all values of n > 3

Proof. Consider the total graph of the cycle Cy, T(Cn). Denote V(T(Cn)) = {u,vi | 1 €1 < n} and
E(T(Cn)) = {wvi | 1 <1< nfuU{uiuigr, Vivigr, Vitiger, Unly, Vavi, vag | 1 <1 < n— 1} respectively by
the vertex set and edge set of the total graph of the cycle, T(Cy). Therefore, T(Cy,) has 4n edges and 2n
vertices. If possible, let T(Cy) be a PMC-graph. So, if the edge uv get the label 1, the only possibilities are
Aluw) +A(v) =1 or A(u) +A(v) = 2. Then, the maximum number of edges labeled with 1 is 2n — 3. That’s
Sxn, <2n—3. Thus, Sxe > 4n — (2n—3) = 2n+ 3. Subsequently, Sxe =S5, >2n+3—-(2n—3)=6>1, a
contradiction. O

Example 3.4. Figure 9 illustrates the total graph of cycle T(Cs).

Theorem 3.5. The total graph of the crown C,, ® Ky, T(C, ® K7) is not PMC-graph only for all values of
nz3

Proof. Let V(T(Crn ®K1))) = {ui, vi,xi,yi | 1 <i<n}and E(T(Cr ©®K1))) = {uivi, Wixi, Wiyi, XiYi, ViXi |
1 <1< nU{viuig1, Viviet, ViXigel, Vall, Vvnvi, vnx1 | 1 <1 < n— 1} respectively be the vertex set and edge
set of the total graph of the crown, T(C, ®K7)). Hence T(Cy, @ Kq)) has 8n edges and 4n vertices. If possible,
let T(Cr, ®K7)) be a PMC-graph. Then, the maximum number of the edges labeled with 1 is 4n— 3. That’s
Sx, <4n—3. Thus, Sxe > 8n— (4n—3) = 4n + 3. Subsequently, Sxe =Sy, > 4n+3—-(4n—-3)=6>1,a
contradiction.

O

Example 3.6. Figure 10 illustrates the total graph of crown T(Cs ® Ky).
Theorem 3.7. The total graph of the comb P, ® Ky, T(Pr, ®Ky) is a PMC-graph only for all values of n < 2.
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Figure 9: Total graph of cycle T(Cs)

Figure 10: Total graph of crown T(C3 ® Kq)

Proof. Let V(T(Pn ® K1) = {ui,vi,xq,y; | 1 <i<n, 1 <j<n—1}and E(T(Pn ©Ky) = {uivi, wixi, xivi |
1 <1< npU{XiYi, Vivi, ViVie1 YiXi+1, Yivie b YjYj+1 | 1 <1 <n—1,1 < j < n— 2} respectively be the
vertex set and edge set of the total graph of the comb, T(P,, ® K;)). Hence T(P, ® Ky)) has 8n edges and
4n vertices. We consider three cases:

Case (i) : Forn =1

Note that T(Pn ® Ky) ~ Cs, the cycle C3 is PMC-graph [10].

Case (i1) : For n =2

Consider the total graph of the comb, T(Py ®K1). Figure 11 illustrates the graph T(Py ® K1) is a PMC-graph.
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Figure 11: Total graph of comb T(Py ® K1) is a PMC-graph.

Case (iii) : Forn > 3
If possible, let T(Pn ® K1)) be a PMC-graph. Then, the maximum number of the edges labeled with 1
is 4n —3. That’s Sy, < 4n—3. Also, Sx¢ > 9n—7— (4n—3) = 5n—4. Subsequently, Sxe —Sx, >
S’n—4—(4n—3)=n—12>=2 > 1, a contradiction.

O

Theorem 3.8. The total graph of the star Sy, T(Sy,) is a PMC-graph only for n = 1.
Proof. Let V(T(Sn)) = {w,ui,vi [ 1 <i<n}and E(T(Sn)) = {uug, uvi, viug | 1 <i<nfuU{vivy [ 1<14,j <
n

)
n2+45
2

1n,1 # j} respectively be the vertex set and edge set of the total graph of the star Sy, T(Sy). It has
edges and 2n 4 1 vertices. We consider four cases.

Case (i) : Forn=1

Note that T(S;) ~ Cs, the cycle C3 is PMC-graph [10].

Case (i1) : For n =2

If possible, let T(S) be a PMC-graph. So, the Maximum number of the edges labeled with 1 is 2. That’s
g)\l < 2. Thus, SNf > 5. Subsequently, ‘3)\5 _SM >5—2=23>1, a contradiction.

Case (iii) : Forn = 3,4

Then, the Maximum number of the edges labeled with 1 is 2n — 1. That’s S5, < 2n—1. Thus, Sxe >

1
qg—@2n—-1) = % > 2. Subsequently, SA%*SM > %—(Qn—l) = W >2>1, a
contradiction.
Case (iv): Forn > 5
Moreover, the Maximum number of the edges labeled with 1 is 2n — 1. That’s S5, < n+5. Next, “3;\5 >
g—(m+5) = W > 2. Subsequently, Sxe — S5, > W—(n—i—k’)) = w >5>1,a
contradiction.

O

Example 3.9. Figure 12 illustrates the total graph of star T(S3).
Theorem 3.10. The irregular pentagonal snake IP,, is a PMC-graph only for all values of n > 3.

Proof. Consider the irregular pentagonal snake IP,,. Denoting by V(IPy) = {ui,vj,xj,y; [ 1 <i<n,1 <
j < n—2}and E(IPy) = {X{Vi, YiViljUjrr, WiXi, Yidie2 | 1 <1 <n—2,1 <j < n— 1} respectively, the
vertex and edge sets of the irregular pentagonal snake IP,,. Eventually, IP;; has 4n — 6 vertices and 5n—9
edges. Note that IP3 ~ Cs, the cycle C5 is a PMC-graph [15]. We consider two cases:

Case (1) : For odd n

Here, assign the labels —1,—4, ..., # and 4,7,..., % to the corresponding vertices vi,vs,...,vn—2
and vo,Vy4,...,vn_3. Then, assign the labels 2,5, ..., 3“2*5 and —2,—5,..., % to the corresponding

vertices x1,X3,...,Xn_2 and X2, X4, ..., Xn_3. Assign the labels 3,6, ..., % and —3,—6, ..., # to the
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Figure 12: Total graph of star T(S3)

corresponding vertices Yi,Ys,...,Yn—2 and y2,Y4,...,Yn—3. Assign the labels _3121+5, 3“2 1 _3“+3 and
%, %, ...,—2n+ 3 to the corresponding vertices 1y, us, ug and Uy, Ug, ..., Un_1. A351gn the labels
%, 3“;3, ...,2n—3 and 1 corresponding to the vertices us, urz,..., Uun_—2 and Un.

Case (ii) : For even n

Now, assign the labels —1,—4, ..., w and 4,7,..., 3“2*4 to the corresponding vertices vi,Vv3,...,Vn_3
and Vo, V4, ..., Vn_s. So, assign the labels 2,5,...,3%=8 and —2, -5, ..., % to the corresponding vertices
X1,X3, ..., Xn—3 and X2, X4, . .., Xn_o. Further, assign the labels 3,6, . 76 and —3,—6, . 73121+6 to the
corresponding vertices y1,Ys, ..., Yn—3 and y2,y4, ..., Yyn—2. Next, asagn the labels 3“+4 _3“+2 L—2n+
3 and 3“2*2, 37“, ...,2n—3 to the corresponding vertices uy, us, ..., wn—1 and ug, Uy, . .. ,un_g. F1x the label
1toun. O

Table 1: The following table demonstrates the vertex labelling A is a PMC-labeling of the irregular pentagonal snake 1P, , for
n>2.

n S)\l S)‘i

n is odd
n is even

Example 3.11. Figure 13 illustrates the PMC-labeling of the irregular pentagonal snake graph IPs.
Theorem 3.12. The rectangular winged prism graph RWPR,, is a PMC-graph only for all values of n > 3.

Proof. Consider the rectangular winged prism graph RWPR;,,. Denoting by V(RWPR,,) = {wi, vi, Xi, Yi |
1 <1i<n}jand E(RWPRy) = {uivi, vixi, xyi | 1 <1< n}U{u1u1+1,unur,vlvm,vnvl,ylvlﬂ,ynvl 1<
1 < n— 1} respectively, the vertex and edge sets of the rectangular winged prism graph RWPR,,. Thus,
RWPR;, has 4n vertices and 6n edges. We consider two cases:

Case (i) : For odd n

Now, assign the labels 2,5, ..., 3% and —2, —5, ..., =32%5 {0 the corresponding vertices X1, X3, . . . , Xn and
X2,X4,...,Xn—1. JThen, assign the labels —1,—4,..., %H and 4,7,..., 3“2_1 to the corresponding ver-

tices Yy1,Ys,-..,Yn and yYyz,Y4,...,Yn—1. Fix the label % with vi. Assign the labels 3,6, ..., % and

—3,—6,..., =323 t0o the corresponding vertices vo,Vu,...,vn_1 and v3,vs,...,vn. Next, assign the labels
;3“ 1, 7’372‘ 3 to the corresponding vertices 1y, us. Furthermore assign the 1abels # 733 L...,—2n

d 3“+5 3“2+7 ..,2n to the corresponding vertices us, us,...,Un_2 and Uy, Ug, . ..

,Un_1. Fix the label
1 to un.

Case (ii) : For even n
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Figure 13: PMC-labeling of the irregular pentagonal snake graph IPs.

Also, assign the labels 2,5, ..., 3“2*2 and —2,—5,..., # to the corresponding vertices x1,%3,...,Xn—1
and X2,X4,...,Xn. Next, assign the labels —1,—4,..., # and 4,7,..., 3”2+2 to the corresponding ver-
tices Yy1,Ys,-..,Yn—1 and yo2,Y4,...,Yn. Fix the label *T?m with v;. Assign the labels 3,6,..., 37” and
—3,—6,..., # to the corresponding vertices vs,Vvy4,...,vn and vs,Vs,...,vh—1. Further, assign the
labels %, # to the corresponding vertices wy,uz. Assign the labels #, #, ...,—2n and
%, 3“2+8, ..., 2n to the corresponding vertices us,Uy,...,Un—2 and us,Uyz,...,Uy—1. Fix the label 1 to

Un. In both cases, Sp, =3n = gy\g.
O

Example 3.13. Figure 14 illustrates the PMC-labeling of the rectangular winged prism graph RWPRs.

7 Y5

Figure 14: PMC-labeling of the rectangular winged prism graph RWPRs5.

Theorem 3.14. The W—graph WB,, is a PMC-graph only for all values of n < 5.
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Proof. Denote by V(WBy) = {ug,vo,ui,v; [ 1 <i<n,1<j<n—1}and E(WBy) = {ugui, vovj, unvo |
1 <i<n,1<j < n— 1} respectively, the vertex and edge sets of the W—graph WB;,. Clearly, WB,, has
2n + 1 vertices and 2n edges.

Case (1) : Forn =2

Now, assign the labels —1,1,2 and —1, —2 to the corresponding vertices wg, u;, us and vg,vy. Then, SM =
2= S}q

Case (ii) : Forn =3

So assign the labels —1,1,2,3 and —2, —3, 1 to the corresponding vertices ug, U1, Us, ug and vg,vi,Vve. Then,
Sa, =3 =15x¢.

Case (iii) : For n =4

Next, assign the labels —1,1,2,3,4 and —2,—3,—4,4 to the corresponding vertices ug, U, U, us, Uy and
Vo, V1, V2, V3. Then, S)\l =4 = S)\g

Case (iv): Forn =5

Assign the labels —1,1,2,3,—2,4 and —3, —4,—5,4, 5 to the corresponding vertices ug, Uy, Us, U, Uy, U5 and
Vo, V1,V2,V3, V4. Then, ‘S)\l =5= g)\tli

Case (v): Forn > 6

If possible, let the W—graph WB,, be a PMC-graph. The possible outcomes are A(u) +A(v) = 1 or
A(w) +A(v) = 2 if the edge uv receives the label one. Therefore, S5, < 5. Consequently, g}\% > 2n — 5.
Thus, Sx¢ =S, 22n—5—-5=2n—10 > 2 > 1, a contradiction. O

Example 3.15. Figure 15 illustrates the PMC-labeling of the W-graph WBy.

1 2 3 4 -3 -4 4
ul 12 113 1y V1 V9 V3

ug VO
-1 -2

Figure 15: PMC-labeling of the W-graph WBy.

Theorem 3.16. The triangular winged prism graph TWPR,, is a PMC-graph only for all values of n > 5.

Proof. Denote by V(TWPR,) = {ui,vi,wi; | 1 €< 1 < n} and E(TWPR,) = {uvi,viw; | 1 < 1 <
n}U{uwilis1, Wnll, ViVigl, VaVi, Wiviel, Wnvi | 1 < 1 < n— 1} respectively, the vertex and edge sets of
the triangular winged prism graph TWPR,,. Eventually, TWPR,, has 3n vertices and 5n edges. We consider
three cases:

If possible, let A be a PMC-graph. The possible outcomes are A(u) +A(v) = 1 or A(u) +A(v) = 2 if the edge
uv receives the label one.

Case (i) : Forn =3

Here, 6 is the maximum number of edges that can be labeled as 1. Then S, < 6. Consequently, g;\g > 8.
Therefore Sxe —5), > 8—6 =2 > 1, a contradiction.

Case (i1) : Forn =4

Now, 9 is the maximum number of edges that can be labeled as 1. That’s S5, < 9. Consequently, Sy\g > 11.
Therefore Sxe =S, 25m—4—(2n+4) =11—-9 > 2 > 1, a contradiction.

Case (ii1) : Forn > 5
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Let A(vi) = —n. So assign the labels —1,—2,...,—n+1 and 2,3,..., 1+ 1 to the corresponding vertices
Vo,Vs,...,vn and Wi, wq, ..., Wy. We consider four cases:

Subcase (i) : n =0 (mod 4)

Now, assign the labels n+2,n+3,..., % and n—1,—m—2,..., *T‘r’“ to the corresponding vertices
Up, Ug, oo Ung2 and Uz, Uy, ..., un. Fix the label 75274 with Unso. Assign the labels *5278, 751712, ey 7:2)’“
and W, W, cen 37“ to the corresponding vertices Unia,Unis, .., Un—2 and Uni1o, Uniids oo Un—1.

Fix the label 1 with u,.
Subcase (il): n =1 (mod 4)

Also, assign the labels n+2,n+3,..., % and n—1,—m—2,..., % to the corresponding vertices

Ui, U3, - Unot and Uo, Uy, ... yUnit. Fix the label _52_5 with Unis. Furthermore, assign the labels
*52*9, 7573:13, e *3’21+1 and 5n4+9, 5“113, e 3“271 to the corresponding vertices Ungs, Unso, ..o, Un—3

and Unir, Unpit, oo Un2. Assign the labels 1, % to the vertices un_1, U, respectively. If n = 5,
Alun) =1.

Subcase (iii) : n =2 (mod 4)

Then, assign the labels n+2,n+3,..., 5“4+6 and n—1,—n—2,..., _52_2 to the corresponding vertices

U, us, ..., un and us, Uy, . .. yUnd. Fix the label # with Ungo . So assign the labels *51*10, *573:14, cee *g’“

and w, 5”114, cel, 37“ to the corresponding vertices Unss, Unsiz, .o Un 2 and W10, Wngtds - Un1

Fix the label 1 with u,.

Subcase (iv) : n =3 (mod 4)

Further, assign the labels n+2,n+3,..., % and n—1,—m—2,..., % to the corresponding ver-
tices uq,ug,... s Uni and uo, Uy, ... yUn 1. Fix the label % with Unis. More over, assign the labels

—sn—7 —5n—11 —3n+1 5n+11 5n+15
T s g and R,

and Unio,Unt13,...,Un_9. Assign the labels 1,
2 2

., 3“2*1 to the corresponding vertices Unis, Uni7,...,Un_3
2 2
—3n+1
2

to the vertices un—_1, un respectively.

Table 2: The following table 1 demonstrates the vertex labelling A is a PMC-labeling of the triangular winged prism graph
TWPRy, for n > 5.

87\1 Sy\g
0 (mod4) 3 3
1 ( ) n—1 5%1;1
=2 (mod 4) 57“ Sn
3 ( )

2
mn—1 m+1
2 2

Example 3.17. Figure 16 illustrates the PMC-labeling of the triangular winged prism graph TWPRg.

4. Conclusion

Labeled graphs are currently a popular research area for many scholars for their wide range of applica-
tions. In this paper, we have studied the pair mean cordial labeling behavior of some special graphs like the
total graph of path, cycle, star, crown and comb and also we have examined the pair mean cordial labeling
behavior of the triangular winged prism graph, rectangular winged prism graph, W— graph and irregular
pentagonal snake. It is an open area of research to derive similar results on different types of graph families.
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